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Abstract
The quantum discord was introduced by Ollivier, Zurek, Henderson and Vedral as an
indicator of the degree of quantumness of mixed states. In this paper, we give out the de-
composition condition of quantum discords. Moreover, we show that under the condition,
the quantum correlations between the quantum systems can be captured completely by the
entanglement measure.
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1 Introduction and preliminaries
In this article, we always assume that HA, HB, KA and KB are finite dimensional complex Hilbert
spaces. Let L (HA,KA) be the set of all linear operators from HA to KA. A quantum state ρ of
some quantum system, described by HA, is a positive semi-definite operator of trace one, in
particular, for each unit vector |ψ〉 ∈ HA, the operator ρ = |ψ〉〈ψ| is said to be a pure state. We
can identify the pure state |ψ〉〈ψ| with the unit vector |ψ〉. The set of all quantum states on HA
is denoted by D(HA).
1
A quantum measurement is a set {Mx}x∈Σ of positive operators indexed by some classical
label x corresponding to the classical outcomes of the measurement. These operators form a
resolution of the identity on the Hilbert space of the system that is being measured [1, 2, 3]:
∀x : Mx ≥ 0, ∑
x
Mx = 1,
together with {Ax}x∈Σ such that Mx = A†xAx. In particularly, when {Mx = πx} is a set of
orthogonal projection operators, then {Mx = πx} is said to be a von Neumann measurement.
Given a quantum state ρ ∈ D(HA), the quantum measurement {Mx} induces a probability
distribution p = {px}x∈Σ, and the conditional state ρA|x given outcome x and the probability of
this outcome read:
ρA|x = p(x)−1AxρA†x, p(x) = Tr(Mxρ).
However, the following famous theorem told us that each quantum measurement can be seen
as a von Neumann measurement on a larger quantum system, that is:
Theorem 1.1. (Neumark extension theorem, [4, 5]) Let M = {Mx}x∈Σ be a quantum measurement
on HA with |Σ| = n. Then there exist a Hilbert space HE with dimension dimHE = n, a pure state
|ǫ0〉 ∈ HE, a von Neumann measurement {πEx } on HE, and a unitary operator U on HA⊗HE such that
for each quantum state ρ ∈ D(HA),
AxρA
†
x = TrE(1A ⊗ πEx U ρ⊗ |ǫ0〉〈ǫ0| U† 1A ⊗ πEx ),
where Mx = A†xAx.
It follows from the theorem that ([4])
Mx = A
†
xAx = 〈ǫ0|U†1A ⊗ πExU|ǫ0〉,
and the probability of the outcome x read
px = Tr(Mxρ) = Tr(U
†
1A ⊗ πExU ρ⊗ |ǫ0〉〈ǫ0|).
Let p = {pa} ∈ RΣ be a probability distribution, the Shannon entropy H(p) of p is defined by
[6]
H(p) = − ∑
a∈Σ
pa log2(pa).
For each quantum state ρ ∈ D(HA), the quantum analog of the Shannon entropy is von
Neumann entropy
S(ρ) = −Tr(ρ log2(ρ)).
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An equivalent expression of von Neumann entropy is ([4], Chapter 6.1)
S(ρ) = min
{|ψi〉,pi}
H({pi}),
where the minimum is over all pure state convex decompositions of ρ.
Moreover, a pure state convex decomposition {|ψ0i 〉, p0i } of ρ minimizes {H({pi}) : {|ψi〉, pi}}
if and only if it is a spectral decomposition of ρ.
The identity can be generalized to get
S(ρ) ≤ H({ηi}) +∑
i
ηiS(ρi) (1.1)
for any quantum state ensemble {ρi, ηi}, where {ρi, ηi} is a convex decomposition of ρ. Moreover,
it has equality if and only if the quantum states {ρi} have mutual orthogonal supports.
Let us consider two quantum systems HA and HB, ρAB ∈ D(HA ⊗HB). In quantum infor-
mation theory, the quantum mutual information
IA:B(ρAB) = S(ρA) + S(ρB)− S(ρAB)
of the quantum state ρAB is regarded as a measure of the total correlations between quantum
systems HA and HB when the quantum system HA ⊗ HB in the quantum state ρAB, where
ρA = TrB(ρAB) and ρB = TrA(ρAB) are the reduced states of ρAB.
If we denote S(ρB|A) = S(ρAB)− S(ρA), then the quantum mutual information can be written
in the following form:
IA:B(ρAB) = S(ρB)− S(ρB|A).
Ones can prove that IA:B(ρAB) ≥ 0 and IA:B(ρ) = 0 if and only if ρAB is a product state, that
is ρAB = ρA ⊗ ρB.
Given a von Neumann measurement {πAx } on quantum system HA, let us defined a condi-
tional entropy on quantum system HB by
SB|A(ρAB|{πAx }) = ∑
i
ηxS(ρB|x),
where
ρB|x = η−1x TrA(π
A
x ⊗ 1BρAB), ηx = Tr(πAx ⊗ 1BρAB).
Denote
J {πAx }(ρAB) = S(ρB)− SB|A(ρAB|{πAx }).
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In order to take a quantity which does not depend on the von Neumann measurements, ones
define
J v.N.B|A (ρAB) = max{πAx }
J {πAx }(ρAB) = S(ρB)−min{πAx }
{∑
x
ηxS(ρB|x)},
it is interpreted as a measure of classical correlations between the quantum systems HA and HB
when the quantum system HA ⊗HB in the quantum state ρAB.
In general, IA:B(ρAB) may differ J v.N.B|A (ρAB). Their difference
Dv.N.A (ρAB) = IA:B(ρAB)−J v.N.B|A (ρAB) = S(ρA)− S(ρAB) +min{πAx }
{∑
x
ηxS(ρB|x)}
is interpreted as a measure of quantum correlations and is called quantum discord ([4], Chapter
10.1 and [7, 8, 9]). The minimum is achieved for some rank-one orthogonal projection measure-
ment operators {πAx }.
Similarly, given a quantum measurement {MAz } on HA, let us defined a conditional entropy
on HB by
SB|A(ρAB|{MAz }) = ∑
z
µzS(ρB|z),
where
ρB|z = µ−1z TrA(M
A
z ⊗ 1BρAB) , µz = Tr(MAz ⊗ 1BρAB).
Denote
J {MAz }(ρAB) = S(ρB)− SB|A(ρAB|{MAz }),
and
JB|A(ρAB) = max{MAz }
J {MAz }(ρAB) = S(ρB)− min{MAz }
{∑
z
µzS(ρB|z)}.
The corresponding discord DA(ρAB) is defined by ([4])
DA(ρAB) = IA:B(ρAB)−JB|A(ρAB) = S(ρA)− S(ρAB) + min{MAz }
{∑
z
µzS(ρB|z)}.
As in the case of von Neumann measurements, the minimum is achieved for some rank-one
measurement operators {MAz }.
That DA(ρAB) ≤ Dv.N.A (ρAB) is clear. On the other hand, by Neumark extension theorem (1.1)
and note that MAz = 〈ǫ0|U†1A ⊗ πEzU|ǫ0〉, we have
DA(ρAB) = Dv.N.AE (ρAB ⊗ |ǫ0〉〈ǫ0|). (1.2)
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Given a pure state |ψ〉〈ψ|AB ∈ D(HA ⊗ HB), then S(ρA) = S(ρB) [10]. The entanglement
E(|ψ〉〈ψ|AB) of |ψ〉〈ψ|AB is defined by
E(|ψ〉〈ψ|AB) = S(ρA) = S(ρB).
For any quantum state ρAB ∈ D(HA ⊗HB), the entanglement of formation E f (ρAB) of ρAB is
defined by ([10], [11]):
E f (ρAB) = min{|ψi〉,pi}
∑
i
piE(|ψi〉〈ψi|),
where {|ψi〉〈ψi|, pi}i∈Σ is the pure state convex decomposition of ρAB.
For any pure state |ψ〉〈ψ|AB ∈ D(HA ⊗HB), we have ([10, 11])
DA(|ψ〉〈ψ|AB) = Dv.N.A (|ψ〉〈ψ|AB) = E f (|ψ〉〈ψ|AB) = S(|ψ〉〈ψ|A) = S(|ψ〉〈ψ|B). (1.3)
Let ρAB ∈ D(HA ⊗HB), ρAB = ∑i∈Σ pi|ui〉〈ui| be its spectral decomposition. Generally, ones
have ([4])
0 ≤ min
{MAz }
{∑
z
µzS(ρB|z)} ≤ min{πAx }
{∑
x
ηxS(ρB|x)} ≤ S(ρAB).
Moreover,
min
{πAx }
{∑
x
ηxS(ρB|x)} = S(ρAB)
if and only if ∑i∈Σ pi|y|φiy〉〈φiy| is the spectral decomposition of ρB|y, where
pi|y =
pi Tr(π
A
y ⊗ 1B|ui〉〈ui|)
ηy
, |φiy〉〈φiy| =
TrA(π
A
y ⊗ 1B|ui〉〈ui|)
Tr(πy ⊗ 1B|ui〉〈ui|) ,
the von Neumann measurement {πAy } minimizes the conditional entropy ∑x ηxS(ρB|x), and
TrB(|ui〉〈uj|) = 0 when i 6= j and pipj > 0.
In this paper, we give out the decomposition condition of quantum discords. Moreover, we
show that under the condition, the quantum correlations between the quantum systems can be
captured completely by the entanglement measure.
2 Decomposition of quantum discord
Firstly, we prove the following result.
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Theorem 2.1. Let ρAB ∈ D(HA ⊗HB), ρAB = ∑i∈Σ pi|ui〉〈ui| be its spectral decomposition. Then
min
{πAx }
{∑
x
ηxS(ρB|x)} = 0 (2.1)
if and only if for any two i, j ∈ Σ and i 6= j,
TrA(|ui〉〈uj|) = 0. (2.2)
Proof. If for any two i, j ∈ Σ and i 6= j, we have TrA(|ui〉〈uj|) = 0, then TrB(|ui〉〈ui|) and
TrB(|uj〉〈uj|) are orthogonal, it implies that there are subspaces VAi ,VAj ⊆ HA such that |ui〉〈ui| ∈
D(VAi ⊗ HB) and VAi ⊆ (VAj )⊥. Let πAi be the orthogonal projector onto VAi for any i, and
πAm = 1A − {∑i∈Σ πAi }, then
πAi ⊗ 1B ρAB πAi ⊗ 1B = pi|ui〉〈ui|.
Therefore, we have that
0 ≤ min
{πAx }
{∑
x
ηxS(ρB|x)} ≤ ∑
i∈Σ∪{m}
pi min
{π(i)k }
{ ∑
k∈Σi
η
(i)
k S(ρ
(i)
B|k)},
where ∑k∈Σi π
(i)
k = π
A
i , η
(i)
k = Tr(π
(i)
k ⊗ 1B|ui〉〈ui|) and ρ(i)B|k = (η
(i)
k )
−1 TrA(π
(i)
k ⊗ 1B|ui〉〈ui|),
{π(i)k }k∈Σi ,i∈Σ∪{m} is also a von Neumann measurement. On the other hand, for any pure state,
it follows from the Schmidt decomposition that states {ρ(i)
B|k} are pure states and thus have zero
entropy. Therefore, we have that
min
{πAx }
{∑
x
ηxS(ρB|x)} = 0.
If there exist i 6= j and pi, pj > 0 such that TrA(|ui〉〈uj|) 6= 0, then for any von Neumann
measurement {πAx }x on HA, there exists at least a πAx such that TrA(πAx ⊗ 1A|uk〉〈uk|) 6= 0 for
k = i, j. Also, note that ∑i∈Σ pi|ui〉〈ui| is the spectral decomposition of ρ, we have that 〈v(i)x |v(j)x 〉 =
0, where TrA(πx ⊗ 1A|uk〉〈uk|) = η(k)x |v(k)x 〉〈v(k)x | for k = i, j. It is easy to show that S(ρB|x) > 0.
This contradicts (2.1).
Theorem 2.2. Let ρAB ∈ D(HA ⊗HB), ρAB = ∑i∈Σ pi|ui〉〈ui| be its spectral decomposition. If
TrA(|ui〉〈uj|) = 0
for any two i 6= j and pi, pj > 0, then
DA(ρAB) = Dv.N.A (ρAB) = E f (ρAB) = ∑
i∈Σ
piDv.N.A (|ui〉〈ui|). (2.3)
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Proof. If TrA(|ui〉〈uj|) = 0 for any two i 6= j and pi, pj > 0, note that the property of entropy, we
know that
S(ρA) = ∑
i∈Σ
piS(ρA|i) + H({pi}),
where ρA|i = TrB(|ui〉〈ui|). And, it follows from the spectral decomposition ρAB = ∑i∈Σ pi|ui〉〈ui|
that S(ρAB) = H({pi}). Therefore, by the definition of quantum discord, equality (1.3) and
Theorem 2.1, we have that
Dv.N.A (ρAB) = S(ρA)− S(ρAB) +min{πAx }
{∑
x
ηxS(ρB|x)}
= ∑
i∈Σ
piS(ρA|i) + H({pi})− H({pi})
= ∑
i∈Σ
piDv.N.A (|ui〉〈ui|).
Also, by Equality (1.2) and (1.3), we have that
DA(ρAB) = Dv.N.AE (ρAB ⊗ |ǫ0〉〈ǫ0|) = ∑
i∈Σ
piDv.N.AE (|ui〉〈ui| ⊗ |ǫ0〉〈ǫ0|)
= ∑
i∈Σ
piDv.N.A (|ui〉〈ui|) = Dv.N.A (ρAB).
Moreover, it follows from [12] that
E f (ρAB) = ∑
i
piE f (|ui〉〈ui|),
thus, by Equality (1.3) again, we have
DA(ρAB) = Dv.N.A (ρAB) = E f (ρAB = ∑
i∈Σ
piDv.N.A (|ui〉〈ui|). (2.4)
This theorem means that if ∑i∈Σ pi|ui〉〈ui| is a spectral decomposition of ρAB and
TrA(|ui〉〈uj|) = 0 where i 6= j and pi, pj > 0,
then the quantum correlations between the quantum systems HA and HB can be captured com-
pletely by the entanglement measure.
If we replace the condition of pure states in equality (2.2) with mixed states, we have the
following conclusion:
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Theorem 2.3. Let ρAB ∈ D(HA ⊗HB), ρAB = ∑i∈Σ piρi be its an orthogonal decomposition. If for any
two i 6= j ∈ Σ and pi, pj > 0,
TrA(ρiρj) = 0, (2.5)
then
DA(ρAB) = ∑
i∈Σ
piDA(ρi). (2.6)
Proof. If TrA(ρiρj) = 0 for any two i, j ∈ Σ and i 6= j, then it is easy to show that TrB(ρi)
and TrB(ρj) are orthogonal, it implies that there are subspaces VAi ,VAj ⊆ HA such that ρi ∈
D(VAi ⊗HB) and VAi ⊆ (VAj )⊥. If πAi is the orthogonal projector onto VAi for any i, and πAm =
1A − {∑i∈Σ πAi }, we have
πAi ⊗ 1B ρAB πAi ⊗ 1B = piρi.
Let {Mz = A†zAz}z be the quantum measurement which minimizes the conditional entropy
∑z µzS(ρB|z). Note that A†zπAi Az are positive operator for all i, z, and
∑
i,z
A†zπ
A
i Az = ∑
z
A†z(∑
i
πAi )Az = ∑
z
A†zAz = 1A,
thus, {M(i)z = A†zπAi Az}i∈Σ∪{m},z is also a quantum measurement. By
TrA(M
(i)
z ⊗ 1BρAB) = pi TrA(M(i)z ⊗ 1Bρi)
for all i, z, we have
∑
z
µzS(ρB|z) ≤ ∑
i∈Σ
pi{∑
z
µ
(i)
z S(ρ
(i)
B|z)}, (2.7)
where µ
(i)
z = Tr(M
(i)
z ⊗ 1Bρi) and ρ(i)B|z = (µ
(i)
z )
−1 TrA(M
(i)
z ⊗ 1Bρi).
On the other side, it follows from µzρB|z = ∑i piµ
(i)
z ρ
(i)
B|z and the concavity of von Neumann
entropy that
∑
z
µzS(ρB|z) ≥ ∑
i∈Σ,z
piµ
(i)
z S(ρ
(i)
B|z) = ∑
i∈Σ
pi{∑
z
µ
(i)
z S(ρ
(i)
B|z)}. (2.8)
Therefore, by Inequality (2.7) and (2.8), we have
min
{Mz}∑z
µzS(ρB|z) = ∑
i∈Σ
pi min
{M(i)z }
{∑
z
µ
(i)
z S(ρ
(i)
B|z)}.
Moreover, if denote ρA|i = TrB(ρi), then, it follows from ρA = ∑i∈Σ piρA|i and property of
entropy (1.1) that
S(ρA) = ∑
i∈Σ
piS(ρA|i) + H({pi}).
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Similarly, we also have
S(ρ) = ∑
i∈Σ
piS(ρi) + H({pi}).
Therefore, by the definition of quantum discord, it follows that
DA(ρAB) = S(ρA)− S(ρ) +min{Mz}{∑z
µzS(ρB|z)}
= ∑
i∈Σ
piS(ρA|i) + H({pi})− {∑
i∈Σ
piS(ρi) + H({pi})}+ ∑
i∈Σ
pi min
{M(i)z }
{∑
z
µ
(i)
z S(ρ
(i)
B|z)}
= ∑
i∈Σ
pi
[
S(ρA|i)− S(ρi) + min
{M(i)z }
{∑
z
µ
(i)
z S(ρ
(i)
B|z)}
]
= ∑
i∈Σ
piDA(ρi).
3 A tripartite system
Let ρAB ∈ D(HA ⊗HB). Taking a pure state |Ψ〉〈Ψ|ABC ∈ D(HA ⊗HB ⊗HC) such that
ρAB = TrC(|Ψ〉〈Ψ|ABC),
ρAB = ∑i∈Σ pi|ui〉〈ui| is the spectral decomposition of ρAB. Now, we will prove that if ρAB
satisfies the condition of Theorem 2.2, then by the famous necessary and sufficient condition of
zero discord in [13], HB and HC is not entangled and even have vanishing discord by the local
measurements on the system HC.
In fact, let
TrA(|ui〉〈uj|) = 0 for any two i 6= j and pi, pj > 0,
|Ψ〉ABC = ∑
i∈Σ
√
pi|ui〉|vi〉
be the Schmidt decomposition of |Ψ〉ABC. It follows from the condition that for any i, we have
|ui〉 = ∑
j∈Σi
√
q
(i)
j |φ(i)j 〉|ϕ(i)j 〉,
where {|φ(i)j 〉} and {|ϕ(i)j 〉} are orthonomal families of HA and HB respectively, and 〈φ(i)j |φ(k)l 〉 =
0 for i, k ∈ Σ, i 6= k and j ∈ Σi, l ∈ Σk. Thus,
ρBC = TrA(|Ψ〉〈Ψ|ABC)
= ∑
k∈Σ
∑
l∈Σk
〈φ(k)l |(∑
i∈Σ
∑
j∈Σi
√
piq
(i)
j |φ(i)j 〉|ϕ(i)j 〉|vi〉)(∑
i∈Σ
∑
j∈Σi
√
piq
(i)
j |φ(i)j 〉|ϕ(i)j 〉|vi〉)∗|φ(k)l 〉
= ∑
i∈Σ
pi
(
∑
j∈Σi
q
(i)
j |ϕ(i)j 〉〈ϕ(i)j |
)
⊗ |vi〉〈vi|.
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Therefore, ρBC is a separable state, and note that 〈vi|vk〉 = 0 for all i 6= k ∈ Σ, we have DC(ρBC) =
0. The conclusion is proved.
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